The objective of this work is to design a fractional filter fractional order PID controller for non-integer order plus time delay (NIOPTD) systems using fractional internal model control (IMC) filter structure. The novelty of the work lies in identifying the higher order fractional IMC filter structure using a systematic analytical procedure based on the minimization of integral absolute error (IAE). The resulting controller consists of a fractional filter term and a fractional PID controller. The tuning parameters are identified based on the minimum value IAE for a fixed robustness (Ms). Simulations are carried out for servo and regulatory response and it was found that an enhanced performance is observed with the proposed controller in terms of low IAE and ITAE. Uncertainties in the process parameters are considered to check the robustness and the stability is assessed with robust stability analysis. The results indicate that the closed loop system with the proposed controllers is robustly stable. In addition, fragility analysis has been done for uncertainties in the controller parameters. The major contribution of this work is the analytical design procedure for identification of optimum fractional IMC filter structure with higher order pade's approximation for timed delay.
INTRODUCTION
The fractional order controllers are gaining wide acceptance in the industrial sector and among the scientific community to control the processes modeled as higher order systems. Higher order models capture the subtleties of the processes and better represent the dynamics of nonlinear processes in a precise manner. It is difficult to control the higher order process models and more challenging if they are associated with time delays. The control performance of such systems degrades if the standard proportional integral derivative (PID) controller is used [1] . This is the concern of many researchers from the last twenty years and this fact resulted in the design and application of fractional order proportional integral derivative (FOPID) controller to improve the closed loop response of time delay systems.
The primary work on fractional order controllers was by Oustaloup in 1991 [2] and subsequently Podlubny [3] proposed an FOPID or PI λ D µ controller with the help of fractional calculus. The structure of FOPID controller is such that it becomes a PID controller by setting the fractional powers of integrator and differentiator to unity. This flexibility in the controller structure ensures robust performance of integer order systems and non-integer order systems. Hence, FOPID controller can enhance the closed loop performance of higher order systems. The PI λ D µ controller for such systems was developed by approximating higher order systems by lower order time delay systems [4, 5] . Further, the FOPID controller was developed for non-integer order time delay systems as they represent the system dynamics in a better way than integer order systems. Thus, the fractional order PI/PID controller improves the closed loop performance of higher order processes. However, this structure of FOPID controller complicates the tuning with the additional tuning parameters.
There are several tuning methods reported in the literature [6] for tuning the FOPID controller and fractional filter PID controller for integer order time delay systems [7] [8] [9] [10] .
The tuning methods of FOPID controller for fractional order systems gained momentum in the last decade. It has been identified that higher order processes need to be brought to the lower order, preferably of first and second order for frequency domain tuning and time domain tuning of the FOPID controller. Based on this, PI λ D µ controller tuning strategies in frequency domain and time domain were proposed for NIOPTD systems [11] . An analytical tuning method of FOPID controller for fractional order systems was proposed after reducing the higher order fractional system by retaining its dynamics [12] . A PI λ D µ controller was also designed using soft computing technique for delay free non-integer order systems [13] and by using optimization [14] . The use of IMC [15] method was predominant in the design of FOPID controller for NIOPTD systems [16] [17] [18] . The IMC filter used in the IMC method plays a crucial role because the tuning parameters in the IMC based controller are those associated with the IMC filter. The controller in [17] was tuned to meet the specifications such as phase margin, flat phase, gain crossover frequency and infinite gain margin. The controller designed using the method in [18] was tuned based on maximum sensitivity. The aim of the present work is to propose a simple and improved method of designing the FOPID controller using IMC method and fractional IMC filter for NIOPTD systems. The design also includes different approximation for time delay term using Pade's procedure. The resulting structure of the controller consists of a fractional order PID preceded by fractional filter to provide robust control. The tuning parameters in the controller are associated with fractional filter which are identified through the analytical procedure based on the minimum values of IAE and TV and to meet the maximum sensitivity, Ms specification for fair comparison.
The article is organized as follows: In section 2, the general mathematical representation of fractional order systems is presented along with NIOPTD systems used in this paper. Section 3 presents the IMC based FOPID controller design for NIOPTD systems. The robustness and fragility analysis are briefly described section 4. The simulation results for different NIOPTD processes are presented in section 5 and their closed loop response is compared using various performance indices. Section 6 concludes the paper followed by references.
FRACTIONAL ORDER SYSTEM
The dynamics of real time systems are better represented by non-integer order mathematical models using the fractional calculus with the help of fractional integration and differentiation. The fractional order systems are often described by the following fractional order differential equation:
where D is the fractional operator; ai, bi are the real coefficients; αi, βi are the real (R+) orders of fractional derivative; u(t) and y(t) are the real input and output; L is the time delay of the system. The Laplace transform of Eq. (1) produces a fractional order transfer function
where S α i Y(s) and S β i U(s) are the Laplace transform of The fractional operators S α i and S β i are difficult to program for simulations and for practical implementation in the hardware. Though, there are several means of practical implementation of fractional operators the most widely used one is the approximation of the fractional operator by integer order transfer function. The popular approximation used for fractional operator s ν was by Oustaloup recursive filter [2] which is based on the recursive distribution of poles and zeros over a frequency range [ωl, ωh] . This filter is given by
where N is the number of poles and zeros. Selection of N is crucial for the approximation; smaller values of N results in ripples in the gain and phase behavior, but they are minimized for higher values of N causing an increase in the computational load. The poles, zeros and gain are evaluated using the following Equations:
The non-integer order process models used for the design of FOPID controller are:
(1). One non-integer order plus time delay (NIOPTD-I) system
where K-system gain; L-time delay; T-time constant and α-fractional order.
Two cases of NIOPTD-I process [18] are possible based on the value of α: case I (0<α<1); case II (1≤α<2).
(
2). Two non-integer order plus time delay (NIOPTD-II) system
where α and β are the flexible system orders. This flexibility allows the accurate modeling of the processes with minimum modeling error compared to first order and second order time delay (FOPTD and SOPTD) models. The two cases of NIOPTD-II process based on the value of α and β are: case I (1<α<2, α>β) and case II (2≤α<3, α>β).
PROPOSED FRACTIONAL FILTER FRACTIONAL IMC-PID CONTROLLER DESIGN

Internal model control
The block diagram of IMC control structure and its equivalent feedback control structure is shown in Figure 1 . The IMC controller design procedure is summarized as follows:
Step 1: Divide the process model into noninvertible and invertible parts
where G m + (s) consists of all time delays and right-half plane zeros. G m -(s) is invertible and contains minimum phase elements.
Step 2: Obtain the IMC controller by adding a low-pass filter whose structure must be selected such that IMC controller is proper.
where f(s) is the IMC filter
Step 3: The feedback controller C(s) is
Proposed design
The proposed fractional filter fractional order PID controller structure is
The fractional IMC filter structures used in the present design are:
γ is the filter time constant, p is the fractional order and η is the additional degree of freedom.
The fractional IMC filter controller according to Eq. (9) for the NIOPTD-I system defined in Eq. (6) and by using fractional IMC filter structure defined in Eq. (12) is
The feedback controller using fractional IMC filter is
Now, by using Pade's procedure for e −Ls (Table 1) , the general expression for C(s) is
It can be observed from Eq. (17) that the controller is composed of fractional PI term in series with fractional filter term. Similarly, the controller is derived for other fractional IMC filter structures (Eq. (13) & Eq. (14)) by following the above design procedure (steps). The resulting controller takes the form given in Eq. (17) . All the controllers derived using different fractional IMC filter structures differ only in the fractional filter term.
The feedback controller for NIOPTD-II process can be obtained by applying the same procedure used for NIOPTD-I process. The generalized controller equation for all fractional IMC filter structures is C(s)=(fractional filter term) ( 
ROBUSTNESS AND FRAGILITY ANALYSIS
Robustness analysis
The closed loop stability must be assessed for the nominal process conditions and with uncertainties in the processes. This is verified with a robust stability condition [19] .
where
1+C ( 
Fragility analysis
The robust performance of the closed loop system should also be observed for changes in controller parameters. This is found through loss of robustness (Ms) of the system using fragility analysis [20] . The degree of controller fragility is decided based on robustness delta 20 fragility index (RFIΔ20) which is defined in Eq. (21)
MsΔ20 is the Ms for 20 % variation in all parameters of the controller and Ms in the nominal maximum sensitivity. Any controller is said to be resilient if RFI ∆20 ≤0.1; nonfragile if 0.1<RFI ∆20 ≤0.5 and fragile if RFI ∆20 >0.5.
SIMULATION RESULTS
The effectiveness of the proposed fractional filter FOPID controller is explained with four examples representing all cases of NIOPTD system. The control scheme used is the feedback loop shown in Figure 1 . The simulations have been performed for a step change in set point and disturbance. The system's performance is also observed for perturbations (-20 % in K and +10 % in L) in the process parameters and for Gaussian noise in the output. The closed loop performance of the NIOPTD system is assessed by using the performance measures given in Table 2 . The optimum fractional filter FOPID controller settings for all the NIOPTD processes are identified according to the flowchart (Figure 2) . A point to be noted here is that the tuning becomes difficult for controllers designed using higher order fractional IMC filter for case I of NIOPTD processes. Hence, a conventional fractional IMC filter is considered during the controller design for case I of NIOPTD processes. The FOPI and FOPID controller settings for NIOPTD-I and NIOPTD-II processes remain same as given in Eq. (17) and Eq. (18) . The fractional filter terms of the optimum controllers are given in Table 3 . Hereafter, the optimum proposed methods of the NIOPTD processes are referred to as Proposed1 (NIOPTD-I case I): ( 
Example 1
The fractional order model of a heat flow experiment [21] is considered for the current study: 
The frequency used for Oustaloup filter approximation of fractional operator is 0.001-1000rad/s. The Proposed1 controller settings are listed in Table 4 . The closed loop step response with a disturbance of magnitude -1 applied at t=100s is shown in Figure 3 . The corresponding performance measures are given in Table 5 . It is evident that the Proposed1 method gives improved performance with low IAE, ITAE and TV compared to Li et al. method [18] . The perturbed response and the associated performance measures are presented in Figure 4 and Table 6 . The Proposed1 method clearly gives better result than the method used for comparison. The IAE and ITAE values for the response in presence of output noise of variance 10 given in Table 7 are close to each other for both the methods but the TV value is low with the Proposed1 method.
The robust stability of the closed loop system is assessed with magnitude plot for T(s). The magnitude plot for the current example is shown in Figure 5 . It is observed that both the methods are robustly stable up to +90 % uncertainty in L obeying the robust stability condition (Eq. 20). 
Example 2
The example for NIOPTD-I system [22] with fractional order α in the range of 1 to 2 is G m (s)= The controller designed according to Li et al. method [18] is given by 
The frequency used for Oustaloup filter approximation of fractional functions is 0.001-1000 rad/s. The Proposed2 method controller settings are listed in Table 4 . The step response with a disturbance of magnitude -0.05 applied at t=25s is shown in Figure 6 and corresponding IAE, ITAE and TV values are given in Table 5 . The measures for perturbed response and Gaussian noise (variance=0.001) response are listed in Table 6 and Table 7 . It is clear that the Proposed2 method gives improved response for all the input changes and process conditions except for an increase in TV. The Proposed2 and Li et al. [18] methods obey the stability condition (Eq. 20) for uncertainty in L which is illustrated with magnitude plot in Figure 5 .
Example 3
The higher order process approximated as NIOPTD-II system [23] is given as follows: 
The frequency used for Oustaloup filter approximation is 0.01-100 rad/s. The Proposed3 method controller settings are listed in Table 4 . The nominal response (for step disturbance of magnitude -0.5 applied at t=5s) is shown in Figure 7 and the corresponding measures are listed in Table 5 . Also, the IAE, ITAE and TV values for system response in presence of perturbations and noise are given in Table 6 and Table 7 . It can be observed that both the methods are performing well while Proposed3 method is showing slight improvement in terms of IAE and ITAE. The robust stability condition is obeyed by both the methods which is illustrated in Figure 5 .
Example 4
This example is taken as an approximation of higher order system [ The frequency used is same as given in Example 3. The step response with a disturbance of magnitude -0.5 applied at t=6s is shown in Figure 8 . The performance measures are given in Table 5 -7. It is observed that Proposed4 method is superior in performance with low IAE and ITAE but TV is high compared to method in [18] . The Proposed4 and Li et al. [18] methods are robustly stable ( Figure 5 ).
Fragility
The delta 20 fragility index (RFIΔ20) values are listed in Table 8 . The observations made from Table 8 are: Proposed1 method is nonfragile with respect to Example 1 whereas method in [18] is resilient; Proposed2 and Li et al. [18] methods are fragile in case of Example 2; Proposed3 method is resilient and method in [18] is nonfragile for example 3; Proposed4 is fragile and Li et al. method [18] is nonfragile for Example 4. It is possible to tune nonfragile controllers whereas fragile controllers are difficult to tune. The nonfragile and fragile nature of the controller is caused by variation in any one parameter or more parameters of the controller. Hence, care should be taken while changing those particular parameters so that the closed loop system gives robust response. [18] 0.1 Li et al. [18] 0.4697
CONCLUSIONS
In this paper, an improved analytical design of the FOPID controller is proposed for non-integer order plus time delay systems after identifying the optimum fractional IMC filter based on minimum IAE for a fixed Ms. The proposed method enhances the closed loop performance with additional tuning parameters in the controller design. Improved step response is observed for different input changes on the closed loop system. Improvement is observed with the controller designed using 2/3 order Pade's approximation for time delay. The error values are decreasing with the proposed controller for all the NIOPTD processes but the control effort is increasing with increase in the order of approximation. All the proposed methods give robust and stable performance for parametric uncertainty. The fractional controllers have become fragile for uncertainties in the controller parameters when higher order fractional IMC filter is used during their design. Hence, attention should be needed while changing the fractional orders of the controller and filter. Fragility analysis in presence of process parametric uncertainties can be taken up as a future work. The proposed method can be extended to design fractional controller for unstable non integer order systems.
